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Boolean Circuits and Formulas



Boolean Circuits

A boolean circuit consists of 7 input bits
labelled X, x,, -+, X, and a sequence of gates

21,85, **, £,,- There are three types of gates:
* NOT gates
* AND gates

* OR gates

The input to the gate g, are either one of the
input bits x,;, ---, X, or one of the gates

21, -+, g, - The output of the circuit is the
output of gate g, .

Boolean Circuit as a DAG



Complexity Measure

Size: The total number of AND and OR
gates it contains.

Depth: The number of AND and OR gates
In the longest path from any input bit to the

output of the circuit.
Qv )= 2

Boolean Circuit as a DAG
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Languages and Boolean Circuits(™a )/ /..

* Number of inputs to a Boolean circuit is
fixed. It computes a Boolean function:

f:{0,1}" - {0,1}.

» A language L C {0,1}" can be expressed
as family of Boolean functions:

1. : {0,1}" = {0,1}, where
L=u;, f7'(1).

» A single circuit does not compute a

language, but a family of circuits {C, }, < Boolean Circuit as a DAG
does. N

* |[n contrast with a TM. Non-uniform model
of computation.
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Examples: PARITY

- The parity of a set of n bits is a function @, {O 1}” {0, 1%\
_ )
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Examples: PALINDROME el

Q:) \\:\(V\" \1:(-)(14,.‘\” -

- Define f: {0,1}" — {0,1} by f(x) =1 < xis a palindrome.

X = =
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Shannon’s Theorem

éTheorem: For every function f: {0,1}" — {0,1}, there exists a Boolean
circuit C of size at most 2" + 1 that computes f.
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éTheorem. For every function f : {0,1}" — {0,1}, there exists a Boolean
circuit C of size at most 2" + 1 that computes f.
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Shannon’s Theorem

%Corollary: For every language L C {0,1}", there exists a family of circuits |
{C,},>0 that computes L. :
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Boolean Formulas

* A boolean formula is a Boolean circuit which has an additional
restriction: all of the gates have only one output wire. Each
output can be used as the input of at most one gate. (Bounded
fan-out).

* A boolean formula has bounded fan-in when each of A , V gates
have exactly two inputs.

* Represented as a rooted binary tree, with leaves being multiple
copies of x;, 7.
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Complexity Measure: Boolean Formula

?:%\W\)AV‘«’%W\“'

Size: The number of leaves in the tree k4w < g“‘””j;:;) ?A\uvf: (k)rw)\“

representation of the formula. W< CF v
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Conjunctive Normal Form

Definition: A clause is an OR of literals. Example: C = x| V x, V X3.

Definition: A conjunctive normal form (CNF) formula is a conjunction
of clauses (AND of ORs of literals). Example:

f(.X) — ()_Cl \% X9 \% X3) N (.xl \% X'z \% .X3)
C, A

ﬁ .ol «
M&er\l o O(v\(u,,(,\«, m\\‘va,, ]

o by bk it 0o & b 20 QOF
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Every Function has a CNF Formula |
LADNYWL C\V()V:”‘/\Q\‘ (B&D\M\A,:q\w\i(k>

S o S
Theorem: Let f: {0,1}" — {0,1} be any function, then there is a CNF |

formula that computes f, with at most 2" clauses and 7 literals per clause. |

X\ X, A3 Mﬂ;(")
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Why are we studying circuits?

 Why are we studying circuits?

* |t will help us show that many interesting problems are NP-
Complete. = CLaue SAUS ALY

\/7 C/OOlA L(\r‘\v‘
e Key Idea: Code as Data ,,) CiResir - AT U L
L\j (‘A/\wuk\ oQ Qﬂh
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Circuits as Code as Data G\)

Recall: A Turing Machine can be IR

encoded as a string (M) . (M) is an

algorithm, but at the same time, (M)
can be an input to another algorithm.

Similar Idea: A circuit C can be
encoded as a string (C) .

« Assume n variables and m gates.

-

 Each node in the graph can be of M/
four types: literal, AND, OR, NOT
A

A"o " OZ\/><W%\D L M(x, 9)-1

P M
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Circuit Value Problem
P n ‘\ﬂfu‘w W“’l i Wu‘r |
Let CVP = {{C, x) Cis a circuit and C(x) = 1} b &M% Wéhv\w

mm@w& T (ot b W
Lemma: CVP € P

Proof Sketch: Suppose C has m nodes. To compute C(x) :

(a) Mark all the input nodes with their values. SP% L /?
\)amcilu &3 vl 7\\,,“

(b) While there is an unmarked node:

i) For every gate g find all nodes that feed into g. If they are
marked with their values, then mark g with its value.

V3
Runks 01 | < Cxv| K L L \OQ\(M A b ‘rmw AND, W-NIT
o el k0. L, \’VQNM(“ xm b vq\qs
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NS
Circuit Satisfiability sy Q /
Q@UU\T'Q&‘(.XQQ

We say that circuit C (on n inputs) is satisfiable if there exists

n — R G u et Y= <l VL*“
x € {0,1}" such that C(x) =1 2 C@vw gﬁ/\,{k Wﬂ/f '

CIRCUIT-SAT = {(C) | Ix s.t. C(x) = 1)} 2

Nowk | (1 ol o~ avuflm fuck v gmed L et
Ciewt ~ S ) rwl & - a!
X4 1) Gt & Buebec Thyrmeet-

WK“Q | LCre ovwer - AT, AMSD)WM o Nt ({(n)=L
() biffah o > =0, o we G ( on > im ‘J\jmcl
(Mt ke )
\ QL) ’I\ CC?;/CJM\T;SM M  weu v fo Quh UAMUK,
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Parting Thoughts



x|y [ [— T_,

Circuit Size . o folo | DT
(>22 z’# Loo\lﬂm ’L(\ 0 0 | N g =

((Mf‘((uw’ ; ( ‘L

Every function has a circuit (of size exponential). \ ‘ b,

Do you really need exponential size?

...................................................................................................................................................................................................................................
]

iTheorem For every n > 4, there exists a function f : {0,1 }” 10,1}
that cannot be computed by any Boolean circuit of size 2124,

~ ' Lﬁ\[\‘ \tww‘ Ol

((90 L Ot \\m %\( &\) 7 Q/)
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Circuit Complexity of a Binary Language

Let Y C {0,1}". LetY =Y N {0,1}".

Definition: The circuit complexity of Y is the function § : N — N
defined by S$(n) = the size of the smallest circuit that computes Y, .

f
Let § : N — N be a function P m\w%ﬂ,&ﬂ;\)?%\& -
<oy
Definition: SIZE(S) = {Y C {0,1} * : the circuit complexity of Yis O(S)} !

N (W v
Definition: PSIZE = {Y C {0,1}" : circuit complexity of Y is poly(n)} S

20
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Next Time \
peare-p 2

We will show P C PSIZE. But is the converse true?

\ (T WA W W e w
) L e ubuededl 1 . §<Mv Mmh“&)
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How to interpret PSIZE?

We will prove P C PSIZE
Circuits are more powerful than Turing machines.
Does this mean something is wrong with Turing machines?

No! Something is “wrong” with the circuit model.
PSIZE is not a good model of tractable languages.

"Y € PSIZE means there is a family of polynomial-sized circuits that
decide Y (one for each input size).

Each circuit performs only a polynomial work. But what about the
work needed to construct these circuits? [((w N ,‘L e hesd | onih-

Co.
2 (c/»wmwww V‘«!]W\M)
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Nonuniformity

PSIZE allows us to use different aI orithms” fcrr different input

lengths. Ummnk(;_wm A:W‘ % Jx&h\ m‘w Lw(\M
\) ur

Computing in this “nonuniform” manner is Cheatlng/unreallstlc

But circuits as we will see, are a valuable conceptual tool.

“"X"\"’\\" (\/‘(‘l

|
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