CSC4010: Introduction to Theoretical
( Computer Science
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Recap: Simulating Turing Machines as Circuits

éTheorem: Let T : N — N be any time constructible function (time
bound). Then, TIME(T') C SIZE(T?) . In particular, P C PSIZE .
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Key Observation:

Locality of computation: Given a Turing Machine M, let
— B = b,b,---b, be the current configuration and let
= NEXT(B) = b(b5---b; then, b, dependson b, _,b.,b;,|,D, .- .

P‘aj—_ Yoo Vs o TMM e o i o o)

1 LeQude
Ls gr,ws(u\ﬁ+ Y\me{)lmﬂ v Qlede v AWk TM L.

L OQL%\NO bww &\MJQ D - low\ Row L/\ AlgTwOQ,, ml,sm S\\/))k;>\7‘ﬁ13t\‘r),

2



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Recap Simulating Turing Machlnes as Clrcwts

Theorem Let T : N — N be any time constructible function (time
bound). Then, TIME(T) C SIZE(T?) . In particular, P C PSIZE .

Let M = (0. 2, Gace- rej> 90- L ,0)- Then, for any conflguratlon

B = bb,---b;, where b, € O U 2. Suppose |Q U X | —/2
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(B) = (b1){by)-++{by) and [{b;) | = 1. @» L S e
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There is a function A, : {0, 11* — {0,1}" such tm for every |

configuration B, if (B) = b;b,---b;and (NEXT(B)) = b;b5---b,
then for every 1, we have,
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Recap Simulating Turing Machines as Clrcmts

Theorem Let T : N — N be any time constructible function (time
bound). Then, TIME(T) C SIZE(T?) . In particular, P C PSIZE .

Let M = (0, 2, G5cc> qrej> 90> U ,0). Then, for any configuration
B =bby+-b;, where b, € Q U 2. Suppose |QU X | =7

(B) = (b)(by)-~(b) and | (b)| = r.

There is a function A, : {0,1 147 {0,1}" such that for every
configuration B, if (B) = bb,---b;and (NEXT(B)) = b;b5---b,

then for every 1, we have, &) dn ov L
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Recap: Simulating&T ring Machines as Circuits
w21 20l
Time for computing the circuit for A - Qe
i
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Recap: Simulating Turing Machines as Circuits

Time for computing the circuit for A ;: Qe
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Recap: Simulating Turing Machines as Circuits

« Let M be a Turing Machine that decides L with time complexity 7(n) .

. We get a circuit of size O(7(1n)?) computing L =1{0,1}"NnL.
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Time for computing the circuit for L,, : @\ - <\qo>2u><\w\>\<w\ﬁ _\_,éwwl<\u>\<u>
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Recap: Simulating Turing Machines as Circuits

« Let M be a Turing Machine that decides L with time complexity 7(n) .

. We get a circuit of size O(7(1n)?) computing L =1{0,1}"NnL.
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CIRCUIT-SAT is NP-&CompIete

o\\ Clew\T~ KT & NP
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Circuit Satisfiability

We say that circuit C (on n inputs) is satisfiable if there exists
x € {0,1}" such that C(x) =1

CIRCUIT-SAT = {(C) | dxs.t. C(x) = 1}

i : o Lo o o VA <+ ood e
> \’Q*“ u\j\,?mvm s ij oqc\o'w»u)-

Y4 M, e fp
QD/\‘ \ covel\w, wJ \) QW&W"S & M\tlzcwnz f’x <
MW S C(‘O’ ﬂ E) cOe ueipt- A7
\1,’ o c> X\ & \617

&) \o (whw\? 0«\ x, gl CLV‘"’J &

T Ui §s Can qahivs  annd
AT VP | FHRRVA PV, ng asifp W< e pv doreller


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


CIRCUIT-SAT is NP-Hard
o~
VQNP) N £Lp ClhLuyT=<AT-


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


CIRCUIT-SAT is NP-Hard

» Consider Y C {0,1}" such that Y € NP:

» There exists verifier V such that w &€ Y < dk;,k, > 0 such
that V(w, c) — | forsome |c¢| < |w|" and V runs in time at
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CIRCUIT—SAT is NP- Hard

...............................................................................................................................

« Proof: Given any ¥ € NP, show that ¥ <, CIRCUIT-SAT .
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Definition: SAT = {(F’) | F'is a satisfiable boolean formula} .
CRawr-AT = T = SATWQ (\(’~(A~w{hk,
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Summary

* \We saw some explicit NP-Complete Languages:
 CIRCUIT-SAT is NP-Complete

 SAT is NP-Complete

* In HW, you will prove other languages such as 3SAT, CLIQUE,
etc. are NP-Complete.
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