CSC4010: Introduction to Theoretical
Computer Science

Lecture 4
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Turing Machine Model:

* An infinite, one-dimensional “tape”. The tape divided into “cells”. Each cell
contains a single symbol.

 There is a “head” pointing at one cell of the tape.

 The machine can be in one of finitely many “internal states”.

* |n each step, the machine decides:
» What to write in current cell,
> Which cell to move in (left/right),

> And, the next state.

* The decision is based only on the symbol being read and the current state the
machine is in.



Formal Definition of Turing Machine

Mathematically, a Turing Machine is a 7-tuple

« () is afinite set (the set of “states”))

» Jaccept» dreject: 9o € € and Gaccept 7 dreject & 0 ,
L o

X is a finite set of symbols (“the tape alphabet”).  {o,\

LI is a symbol (the “blank symbol?).
{0,1,u} € >Xand U & {0,1}.

g —————

oisafunctiond : O X2 - OX XX {L,R}.(The “transition function”.)
)
gy — (¢,v,L)
This definition is different
\ L% \ ) @ from Sipser. (Both
' definitions are equivalent.)
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Example: Parity

* Informal Problem Statement: “Given w € {0,1}*, determine
whether the number of ones in w is even or odd”.

e Can be formulated as:

PARITY = {w € {0,1}* such that w has an odd number of 1's}

e Design a Turing Machine for PARITY.



Example: Parity B (°] (O A e T

L)
9
0—0.R o O = {40, 9acc QrejaQOdd’QGven} ‘
{:‘ SO'_\_ 'L‘
e Let'slook at o :
/'\/\/
C 0 | 1 | v
(Aevny)
q0 X} L)_
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Transition Function

The transition function 6 describes the local evolution of the
computation.

What about the global evolution?



Configurations of a Turing Machine

» Let M = (O, gaccept> 9reject> 0, 9> LI ,2) be a Turing Machine.

* A configuration of M is a triple (1, g, v) where u € 2%, g € Q,v € Z*
and v # €. Interpretation:

> The tape currently contains uv .

> The machine is in state g and the “head” is pointing at the first symbol of

............................



Configuration Shorthand

» Instead of (u, g, v), we often write ugv.

* The configuration ugv of a Turing Machine is a string over the
alphabet 2 U Q.

» We can assume without loss of generalitythat 2N Q0 = @& ..



The Initial Configuration

« Letw € {0,1}* be the input.

« The initial configuration of M on w is g, Ll w.

CE—
aEE——

j%w w - - wd
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The “next” configuration =%
. q.

» For any configuration uqgv, we define NEXT(u«gV) as follows:
> Break uqgv into individual symbols: ugv = u, uy, -, u,qv,, v,, -,

- 1fo(gq, v) = (g, b, R), then NEXT(uqv) = uuy-+-u,bq'vy, v3++-v, .

C— e——

~— » Edge Case: If m = 1, then NEXT(ugv) = uyuy---u,bq’ Ll .

~ 1f 8(q, vy) = (¢, b, L), then NEXT(ugqv) = ujuy-+-u,_1q'u,bv,, v3++-v, .

» Edge Case: If n = 0, then NEXT(ugqv) = ¢’ Ll bvyvs---v, .

» We write NEXT, (ugv) if M is not clear from cont

’\

V-
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Halting Configurations ©

» An accepting configuration is of the form uqggcceptV;

» Anrejecting configuration is of the form 1 qygjectV. \;‘:‘4.. LR

. . L . i Qeuy\
* A halting configuration is either an accepting or a rejecting

configuration.
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Computational History |

o |Gl spengiy
e Letw € {0,1}* be an input string. N
» Let C, be the initial configuration of M onwi.e. Cy = gy LI w.

» Inductively, for each i € N, let NEXT(C;) = C,; .

« The computational history of M on w is the sequence
C,, G, -+, Cp, where Cr is the first halting configuration in the

sequence. T= b crnaplon, |\1

e If there is no such Cy, then the computational history is infinite:
Cl’ Cz, C3, **c.

12
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Halting and Looping ©

* |If the computational history of M on w is finite, we say M halts
onw.

« Otherwise, M loopsonw.

13



Accepting and Rejecting

e Suppose M haltsonw.
 The computational history is finite, Cy, Cy, -+, C.
o If Cis an accepting configuration, we say M accepts w.

o If Cis arejecting configuration, we say M rejects w .

14
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Example: Parity

0—- 0O.R
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Example: Parity L Lol

0—- 0O.R
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Example: Parity

0—- 0O.R

........................................................
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Example: Parity

0—- 0O.R

................................................................................................................




Example: Parity

0—- 0O.R

................................................................................................................

dodd
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Example: Parity

0—- 0O.R

................................................................................................................
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Example: Parity

0—- 0O.R

................................................................................................................

21



Which problems can be solved through
computation?



Deciding a Language

e Let M be a Turing Machine and let L C {0,1}*.
« We say that M decides L if
» M acceptsevery x € L.

~ M rejects every x € {0,1}*\L.

@® This is mathematical model of what it means to “solve a
problem”.

23



Examples of Decidable Languages



Example: Strings containing 01

* Informal Problem Statement: “Given x € {0,1}*, determine
whether it contains 01 as a substring”.

e Can be formulated as:

Ly, = {w € {0,1}* such that w contains substring 01 | .

» Design a Turing Machine for L), .

25



Example: L),

26

¢ ¢y = "Start State"
* ¢y = "Haven't seen a 0 yet"
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Example: LOI ¢ gy = "Start State’

* ¢y = "Haven't seen a 0 yet"

* Jsaw 3 O=“saw aQ”

1—-1,R
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¢ ¢y = "Start State"
* ¢y = "Haven't seen a 0 yet"

Example: L),

1-1,R o qS&W 3 O:“saw a0’
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Example: Strings Ending in 1

 Informal Problem Statement: “Given x € {0,1}*, determine
whether it ends in 1”.

e Can be formulated as:

L, ={w € {0,1}* such that wendsin 1} .

» Design a Turing Machine for L .

<
O v~y R

9

- \U\\\o\l\g_\__..

l‘\
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dcheck for 1
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More Examples

31



Example: TM for COPY

» Takes as input a string x € {0,1}* and replaces it with x#x on
the tape and accepts.

e —

l“df‘\ *z)’(l. .- h\L‘
{
®

|
To T 1= Do) BLmE e
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Example: TM for COPY

1 -1, R;
0—-0,R

a Uo""#,
>

LI — U, R

()

¢ ¢y = "Start State"

« ¢; = Append # to end of w”
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Example: TM for COPY - briw-t MLH%
\O\V\\V’\f\""s \I

1 -1, R; 1 -1, L;
0—-0,R 0—>0,L =
"H"#l"' ()
Ll —> # R

LU— U, R

()

¢ (= "Start State"

« ¢; = Append # to end of w”

* ¢, = Goto beginning of string”

34
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Example: TM for COPY  —granv gl
e Al

1 -1, R; 1 -1, L;
0—-0,R 0—-0, L
Ll — #, R Ll— U, R
q1 > 2
LI — U, R

qo = "Start State”

q; = Append # to end of w”
¢, = Goto beginning of string”
qz="copy loop starts”
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Example: TM for COPY

1 -1, R; 1 -1, L;
0—-0,R 0—-0, L
Ll —> # R Ll— U, R
@ D @
0—- X, R l1—-Y, R
- U, R

0—-0, R;

1—-1, R;
qo s =Rl

it £

« gy = "Start State"
e ¢ = Append # to end of w”
e ¢, = Goto beginning of

string”

« (;3="copy loop starts”
e (¢,="reada0”
* (gs="readal”

36
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¢ ¢y = "Start State"
e ¢ = Append # to end of w”
« ¢, = Goto beginning of

« (;3="copy loop starts”
e (¢, ="reada0”

Example: TM for COPY Vol 11 \#| 0

string”

e (gs="readal”

* (s="copy a symbol and go

back to first uncopied symbol” 37
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¢ (¢, = "Start State"
« ¢ = Append # to end of w”
« ¢, = Goto beginning of

« (@z=“copy loop starts”
e ¢4 ="reada0”
e (gs="readal”

oq\ M
1 -1, L 1 U%U,R@ —
0—-0,L ._\%‘ﬂ—d

1 -1, R;
0—-0,R
)
H-H,\ . 4 = Postprocessifhy. 93
U — # K U—U,R
91 " @
L

LU—U, R -

string” ! S

* (g="copy asymbol and go

back to first uncopied symbol” 38
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Complement of a Decidable Language

+ The complement of a language L, denoted L = {x € {0,1}*\L}.
. If L is decidable, then what about L?
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Complement of a Decidable Language

+ The complement of a language L, denoted L = {x € {0,1}*\L}.
. If L is decidable, then what about L?

Turing Machine for L Turing Machine for L

40



Complement of a Decidable Language

+ The complement of a language L, denoted L = {x € {0,1}*\L}.

+ If L is decidable, then what about L? |51 L
Turing Machine for L Turing Machine for L
ML — {QL’ 40> 9aces Qrej’ Z, 5» Ll } MZ — {Qi’ 40> 9aces qrej’ 29 5D L }

QZ — QL U {q(fzcc’ q;ej}
o7 1 O X X7 = Q7 XX X {L,R}
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Reverse of a Decidable Language

. Given a decidable language L, is the language LX = {x®|x € L}
decidable? 0(0\ e L Muw

\012 € | ¢
\: R\Kz“’ ‘mﬂ
}..: ‘“%4\'-*1
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Reverse of a Decidable Language

. Given a decidable language L, is the language LX = {x®|x € L}
decidable?

Reverser Turing Machine:

“Reverses a string, places
head at the beginning of string
and accepts.”

Turing Machine deciding L

43



Reverse of a Decidable Language

. Given a decidable language L, is the language LX = {x®|x € L}
decidable?

L—-U, L
0—-0, L
\1 S1.L /[
qa) @
Ll—-U, R
Reverser Turing Machine
“Reverses a string, places —

head at the beginning of string
and accepts.”

Turing Machine deciding L

44



A Note on Representation of TMs

If we formally define a Turing Machine for each task, it can begin
to get fairly complicated.

As we said earlier, Turing machines are a way to mathematically
reason about algorithms. Our goal this week and next is to get
comfortable with low-level details of Turing machines to convince
ourselves that they capture all algorithms.

Once we are friends with Turing Machines, we will use them in
subsequent classes to discuss and reason about computation,
but our focus will be on algorithms.

More examples of this next week.

45



Properties of Decidable Languages

e Claim: Decidable languages are closed under intersection and
union.

46



Summary

» Turing Machine is a 7-tuple M = (O, gaccept> 9reject> 90 0> L »2)-

 Computational history of a Turing machine on an input

w € {0,1}* is a series of configurations C,, C,, -+, C, where

l

 Examples of decidable languages and their closure properties.
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