CSC4010: Introduction to Theoretical
Computer Science

Lecture 8

Adapted from Sipser’'s MIT OCW Course on TOC
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Is there an explicit computational problem which cannot be solved in any
computational preblem?
meda),

Last Time
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We showed that Lggjs, and A, are undecidable via diagonalization.
L Sam>| M ok 4“7/51
A language L is decidable if and only if L and L are both recognizable. We
used this to conclude that ATM IS unrecognizable.

il hw, T, Acw ved/ \ deudadle.
We showed HALT 7y, is undecidable by reducing A, to HALT 7, .

« Proof Strateqgy: If there is a decider H for HALT 1y, then we can construct
a decider M’ for A, . But A, is undecidable.
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Reducibility Method: Undecidability of HALT 7,

e Let HALT3, = {{M,w) | M halts on w} .
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Reducibility Method: Undecidability of HALT 7,

e Let HALTy = {{M,w) | M halts on w} . — W balke o d \M?uh'
Theorem: HALT7is undecidable. D> Kb - aeogt
ZMI'VX\'\A\'T‘\'M

* Proof: Proof by contradiction. Assume there exists H deciding HALT 7.
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Reducibility Method: Undecidability of HALT 7,

e Let HALT 7y = {(M,w) | M haltson w} ..
™ = {{ ) | }\ PN (Y | ~M‘,uh.

Theorem: HALT7), is undecidable. = H( cH W) = oyt S
Z‘ﬂq}é\'\p\\.’\"-'\n
* Proof: Proof by contradiction. Assume there exists H deciding HALT 7.
éldea: Use H to construct a Turing Machine M’ deciding A, |
‘_\ 1 W"‘”*
)\ Al umbee M.
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Reducibility Method: Undecidability of HALT 7,

e Let HALT3, = {{M,w) | M halts on w} .

M’ ="0n input (M, w)
1. Simulate H on input (M w).
2. Reject if H rejects. (a2 <M,w? ;/ ATN‘)
3. If H accepts, run M on w until it halts. = wse \ewe M \M\L P W
(a) If M accepts, then accept.
(b) If M rejects, then reject.”
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Reducibility Method: Undecidability of HALT 7,

c) N\ \wpo M-
&\) Nun \«*\ %ayc\&

<M, WT.

e Let HALT3, = {{M,w) | M halts on w} .

M’ ="0n |n.put (M, w) | - skp 4’ mn a'wfé
1. Simulate H on input (M, w) . M
2. Reject if H rejects. i Yo Mausyh W
3. If H accepts, run M on w until it halts. A S‘"f * mm‘:‘%w a(,’,
(a) If M accepts, then accept. auufk-

(b) If M rejects, then reject.”
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Reducibility - Concept e W&rf o

* If we have two languages (or problems) A and B, then A being reducible to
B implies we can use B to solve A . Am wa padpunlls s M\'Tm

 Example: Measuring the area of a rectangle is reducible to measuring the
lengths of its sides. ——.

 If A is reducible to B, then solving B gives a solutionto A .
- Then, B is easy implies A is easy.

- Then, A is hard implies B is hard.
Todgdoble = L Tiduidta
Wl MLM, =) “‘]“’bbuk'
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Reducibility - Concept

* If we have two languages (or problems) A and B, then A being reducible to
B implies we can use B to solve A .

 Example: Measuring the area of a rectangle is reducible to measuring the
lengths of its sides.

 If A is reducible to B, then solving B gives a solutionto A .

- Then, B is easy implies A is easy.

- Then, A is hard implies B is hard.  This is the form we will use.



Another Example: EMPTY 7y,



Another Example: EMPTY 7y,

— M Ao wy o Foe
o |et EMPTYTM= {<M> |L(M)=@} “ wf\-ww;\( ‘K
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Another Example: EMF-E-I‘-{\YA&M "
o L™ C .

e Let EMPTYTM={<M> |L(M)=®} “ "”’f M\:‘ T

''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' et kg b MR

''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' N \/\i\f\;\(ﬂ;\ WAL {\“\' wt W5W
N\ (s( f‘w a\ﬁwmﬂw Q"’" tNI’T‘LM
M G ONpulbon for A
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Another Example: EMPTY 7, ,
“%M kﬂu o tMM-rM !
* Let EMPTY 7y = ({M) | L(M) = B}~ \(Wds waamns, 1ok we unld shane

---------------------------------------------------------------------------------------------------------------------------- nb\t (s( f‘w a\ﬁwmw Q’d" EM',T\L”

» Proof: Proof by contradiction. Assume there exists R deciding"'EMPTY 1y,.
R <MY ‘\k awl f’f""wfk ’*"V
\ ()= /
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Another Example: EMPTY 7y,

e Let EMPTY 1y = {<M> | L(M) }

Theorem: EMPTYy, is undecidable. | <M>7d ‘Jp and & augph 4"‘

« Proof: Proof by contradiction. Assume there exists R deciding EMPTY 1y,.

A
| LMY \ K.
j‘z‘ A\% &3 @ ausy W <MY L(M) :/
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- - L sgpde M : MNO*//
)b ve L) w W L()


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Another Example: EMPTY 7y,

e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................

Attempt 1: Given input (M, w) for M’, we pass (M) through R .



Another Example: EMPTY 7y,

e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................



Another Example: EMPTY 7y,

e Let EMPTY 7y = {<M> |L(M) — @} .

............................................................................................................................
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Another Example: EMPTY 7y,

e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................

Attempt 2: Given input (M, w) for M’, transform M to M, defined as follows:

M, ="Oninputx € {0,1}*
1. If x # w, then reject.
2. Simulate M onw .

MY, &7

\
<My, 7
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Another Example: EMPTY 7y,

e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................

Attempt 2: Given input (M, w) for M’, transform M to M, defined as follows:

M, ="Oninputx € {0,1}*
1. If x # w, then reject.
2. Simulate M onw .

- W

\/(M\J\C QV\ \\\M
)2{ & M doo el
ow/(, w



Another Example: EMPTY 7y,

L“’\\D‘ }{
* Let EMPTYqy = {{M) | L(M) = @} . & Mo wWr aufh W
L i & dv\?’ 1 ?/A"M
- Theorem: EMPTY 7, is undecidable i

Attempt 2: Given input (M, w) for M’, transform M to M, defined as follows:

M’ ="On input (M, w) M, ="Oninputx € {0,1}*
1. Transform (M, w) into M, . 1. If x # w, then reject.
2. RunRon (M, ). — LM # 2. Simulate M onw.

3. Acceptif R rejects @ iwle L[Mv) "
4. Reject if R accepts. Sy M auryph W LW d\c q“‘\

& &M, w7 At )X ik Mw{.; v::\’
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Sy PO

M, ="Oninputx € {0,1}*
1. If x # w, then reject.
2. Simulate M onw .
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Mapping Reducibility: Properties
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A recipe for undecidability: To show B is undecidable, find undecidable A
and a mapping reduction from A to B . Ay Ew BT
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A sercopiger Mo b R
R "‘”'T ey / @f =
de - £(w)
(W)Qf —_— o ((- S
s T e
We ¢* - ‘\ —

A recipe for unrecognizability : To show B is unrecognizable, find
unrecognizable A and a mapping reduction from A to B .

L by,
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Reducibility Terminology

Why do we use the term “reduce”?

« When we reduce A to B, we show how to solve A by using B . We conclude
that A is no harder than B . (This suggests the <, notation).

« Possibility 1: We bring A’s difficulty down to B’s difficulty.

« Possibility 2: We bring B’s difficulty upto to A’s difficulty.

17



Summary

* Introduced the mapping reducibility to show undecidability/
unrecognizability.

« Showed EMPTY 7y, is undecidable and unrecognizable.

* Next time: more examples.
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