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• Definition: A function  is said to be computable if there exists 
a Turing Machine , which on input  terminates with just  
written on its tape, for any 

f : Σ∗ → Σ∗

F w ∈ Σ∗ f(w)
w .
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• Definition: A language  is mapping reducible to a language  (denoted 
) if and only if there exists a computable function  such 

that for every  

A B
A ≤m B f : Σ∗ → Σ∗

w ∈ Σ∗, w ∈ A ⟺ f(w) ∈ B .
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 is called a mapping 
reduction from  to 
f

A B .
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ATM ≤m EMPTYTM

Solution: Given input  for ,  defined as follows:⟨M, w⟩ ATM f(⟨M, w⟩) = ⟨Mw⟩

``On input 

1. If , then reject.

2. Simulate  on 

Mw = x ∈ {0,1}∗

x ≠ w
M w .
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Claim:  f(⟨M, w⟩) ∈ EMPTYTM ⟺ ⟨M, w⟩ ∈ ATM .
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decidable (respectively, recognizable).

A ≤m B B A
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undecidable (respectively, unrecognizable).
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Theorem: If  then A ≤m B Ā ≤m B̄ .
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Reduction Function:  f(⟨M, w⟩) = ⟨Mw⟩
``On input 
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2. Simulate  on 

Mw = x ∈ {0,1}∗

x ≠ w
M w .



                                       


             

             

f(⟨M, w⟩) ∈ EMPTYTM ⟺ ⟨Mw⟩ ∈ EMPTYTM
⟺ L(Mw) = ∅
⟺ M does not accept w
⟺ ⟨M, w⟩ ∈ ĀTM
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10

Reduction Function:  f(ΣM, w∗) = ΣTw, M≤∗
``On input 

1. Ignore 

2. Simulate  on 

Tw = x ⟺ {0,1}⟨

x .
M w .



 are unrecognizableEQTM and EQTM
• Let EQTM = {ΣM1, M2∗ → L(M1) = L(M2)} .

Theorem:  is unrecognizable. EQTM

• Proof: Proof by contradiction. We will show .ĀTM ∈m EQTM
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 is unrecognizableL01
• Let L01 = {ΣM∗ → L(M) = {01}} .

Theorem:  is unrecognizable. L01
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Turing Reducibility vs Mapping Reducibility

• We already prove that  is 
undecidable (by diagonalization).


• Our goal was to show a 
candidate language  is 
undecidable. 


• We showed if  is decidable, 
then so is 

• Design an algorithm for  

using the hypothetical 
algorithm for 


• “Reduction from  to .”

ATM

L

L
ATM .

ATM

L .
ATM L
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Mapping Reducibility: More Refined

A ∈m B

• Translate from 


• So, we can directly return the answer of the recogniser for  without modifying the answer.

A to B,  while preserving membership and non-membership.

B
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Reducibility Terminology

Why do we use the term “reduce”?


• When we reduce  to , we show how to solve  by using We conclude 
that  is no harder than (This suggests the  notation).

• Here, reduce means to “boil down a question about  to a question about 

”.


• Possibility 1 (Algorithmic perspective): We bring ’s difficulty down to ’s 
difficulty. (Using the solver for  to solve .)


• Possibility 2 (Hardness perspective): We bring ’s difficulty up to to ’s 
difficulty. (Showing  is as hard as .)

A B A B .
A B . ∈m

A
B

A B
B A

B A
B A
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Summary
• Introduced the mapping reducibility to show undecidability/

unrecognisability.


• Showed  is undecidable and unrecognisable.


• Showed  and  are unrecognisable. 


• Showed  is unrecognisable. 

EMPTYTM

EQTM EQTM

L01


