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Abstract

We study clustering algorithm for dynamic evolving graphs G_t, in which new edges (and potentially
new vertices) are added into a graph, and the underlying cluster structure of the graph gradually
changes over time. By designing a hierarchical data structure for dynamically maintaining the
cluster structure of G_t we prove that the cluster structure of G T can be maintained with O(d)
amortised update time and O(n_T”{1/d}) amortised query time, for an arbitrary large constant d. We
further demonstrate this improvement with experiments on both synthetic and real-world datasets.

The talk is based on joint work with Suranjan De (University of Edinburgh) and Steinar Leanen
(Google Zurich). The work appears at NeurlPS 2026.
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Mapping Redumblllty
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« Definition: A function f : E* — 2™ is said to be computable if there exists
a Turing Machine F’, which on input w € X" terminates with just f(w)

written on its tape, for any w . &'1\ lovan o &y )
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Mapping Reducibility

« Definition: A function f: 2* — X* is said to be computable if there exists
a Turing Machine F’, which on input w € X" terminates with just f(w)
written on its tape, for any w.

* Definition: A language A is mapping reducible to a language B (denoted
\A < B?‘ if and only if there exists a computable function f : 2* — 2* such

thatforeveryw € 2*, we A < f(w) €B.
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Mapping Reducibility

« Definition: A function f : 2* — X" is said to be computable if there exists
a Turing Machine F’, which on input w € X" terminates with just f(w)
written on its tape, for any w.

» Definition: A language A is mapping reducible to a language B (denoted
A <, B)if and only if there exists a computable function f : 2* — 2 such

that foreveryw € 2*, w € A < f(w) €B.
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Solution: Given input (M, w) for Ay, f((M,w)) = (M, ) defined as follows:
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Solution: Given input (M, w) for Ay, f({(M,w)) = (M, ) defined as follows:

d 4[1 F ‘\\‘>| M‘W‘: h
M, =" Oninputx € {0,1}" ZM w7 b e fml \(r &%

1. If x # w, then reject. Ul N7 s
2. Simulate M onw . hm“]\m a1 dad, ,1- X=w & WT{
h 4\7') v Geondole MW
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Solution: Given input (M, w) for Ay, f({(M,w)) = (M, ) defined as follows:

M, =" Oninputx € {0,1}"
1. If x # w, then reject. M., o m\s W -
2. Simulate M onw .
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Solution: Given input (M, w) for Ay, f({(M,w)) = (M, ) defined as follows:

M, ="Oninputx € {0,1}" R i s e

1. If x # w, then reject.
2. Simulate M onw .
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éTheorem: If A <, B and B is decidable (recognizable), then A is
decidable (respectively, recognizable).
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éTheorem: If A <, B and B is decidable (recognizable), then A is
decidable (respectively, recognizable).

Corollary: If A <,, B and A is undecidable (unrecognizable), then B is
undecidable (respectively, unrecognizable). =



Mapping Reducibility: Properties
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éTheorem: If A <, B and B is decidable (recognizable), then A is
decidable (respectively, recognizable).

Corollary: If A <,, B and A is undecidable (unrecognizable), then B is
undecidable (respectively, unrecognizable). =

« A recipe for undecidability/unrecognizability: To show B is undecidable

(unrecognizable), find undecidable (respectively, unrecognizable) A and a
mapping reduction from A to B .
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éTheorem: If A <, B and B is decidable (recognizable), then A is
decidable (respectively, recognizable).
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Using Mapping Reduction for Unrecognizability



EMPTY 7/ Is unrecognizable
e Let EMPTY 1y = {<M> | L(M) }
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 Proof: Proof by contradiction. We will show ATM <,, EMPTY .
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EMPTY 7/ Is unrecognizable
e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................

Theorem: EMPTYyy is unrecognizable. 3 M7y, ol

_ <M
- Proof: Proof by contradiction. We will show A, <, EMPTY 7.

Reduction Function: f({(M,w)) = (M)

M, ="Oninputx € {0,1}" ,c; \ W\Ju ’VM&“’"‘ )
1. If x # w, then reject. f yumover M(Ljr /vw e Gacleg).

2. Simulate M onw.
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EMPTY 7/ Is unrecognizable
e Let EMPTY 1y = {<M> | L(M) }

............................................................................................................................

 Proof: Proof by contradiction. We will show ATM <,, EMPTY .

Reduction Function: f({(M,w)) = (M)

M, ="Oninput x € {0,1}* L{Ma)- Su Tk Wamsge ¥
1. If x # w, then reject. ;{( M doto not
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2. Simulate M onw.
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Turing Reducibility vs Mapping Reducibility

« We already prove that A, is

undecidable (by diagonalization).
e QOur goal was to show a

candidate language L is
undecidable.

« We showed if L is decidable,
then sois A7y, .

« Design an algorithm for A,
using the hypothetical

algorithm for L .
 “Reduction from A, to L.”
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Turing Reducibility vs Mapping Reducibility

« We already prove that A, is ) - "
undecidable (by o Ruducchion Ao b A
diagonalization). M, = deude e A

e Qur goal was to show a B
candidate language L is | o,
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Doesn’t let us conclude unrecognizability:
EATM IS unrecognisable, ATM is recognisable.

14
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Mapping Reducibility: More Refined
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« Translate from A to B, while preserving membership and non-membership.

« So, we can directly return the answer of the recogniser for B without modifying the answer.
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Reducibility Terminology

Why do we use the term “reduce”?
A< %
* When we reduce A to B, we show how to solve A by using B . We conclude
that A is no harder than B . (This suggests the <, notation).

« Here, reduce means to “boil down a question about A to a question about
B”.

« Possibility 1 (Algorithmic perspective): We bring A’s difficulty down to B’s
difficulty. (Using the solver for B to solve A.)

* Possibility 2 (Hardness perspective): We bring B’s difficulty up to to A’s
difficulty. (Showing B is as hard as A.)
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Summary

* Introduced the mapping reducibility to show undecidability/
unrecognisabillity.

Showed EMPTY 1y, is undecidable and unrecognisable.

Showed EQqy, and EQyy, are unrecognisable.

Showed L is unrecognisable.
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